arXiv:1501.00972v3 [math.SG] 25 May 2016 


GEODESICS OF POSITIVE LAGRANGIANS IN MILNOR 

FIBERS 

JAKE P. SOLOMON AND AMITAI M. YUVAL 

Abstract. The space of positive Lagrangians in an almost Calabi-Yau mani¬ 
fold is an open set in the space of all Lagrangian submanifolds. A Hamiltonian 
isotopy class of positive Lagrangians admits a natural Riemannian metric T, 
which gives rise to a notion of geodesics. We study geodesics of positive O n (®0 
invariant Lagrangian spheres in n-dimensional A m Milnor fibers. We show the 
existence and uniqueness of smooth solutions to the initial value problem and 
the boundary value problem. In particular, we obtain examples of smooth 
geodesics of positive Lagrangians in arbitrary dimension. As an application, 
we show that the Riemannian metric T induces a metric space structure on the 
space of positive O n (l^) invariant Lagrangian spheres in the above mentioned 
Milnor fibers. 


1. Introduction 


Let (X, oj) be a symplectic manifold of dimension 2n, and let L be an n-dimensional 
smooth manifold. Let C be the space of Lagrangian submanifolds of X that are 
diffeomorphic to L. We think of C as an infinite dimensional manifold. Assume L 
is compact and X is almost Calabi-Yau. Namely, X is a Kahler manifold equipped 
with a nonvanishing holomorphic form Vt of type (n, 0). We call a Lagrangian sub¬ 
manifold A G C positive if Ref2|A does not vanish anywhere, and we denote by 
£+ d T the open subset of nil positive Lagrangians. Let (D d ^ be a Hamiltonian 
isotopy class. For AeO, the tangent space T\0 is canonically isomorphic to the 
space 


h d C°°(A) 


h Reft = (U . 


Consider the Riemannian metric T on O given by 


T (h, k ) 


hk Re fi, 


h,k £ T\0. 
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It is shown in [16] and [17] that T gives rise to a Levi-Civita connection and thus 
a corresponding notion of geodesics. The geodesic equation can be seen to be a 
fully non-linear degenerate elliptic partial differential equation [13]. In the present 
work, we study the geodesic equation in a family of examples with a high degree of 
symmetry. 

Let G be a Lie group that acts on X preserving to and Cl. So G also acts on 
C + , and we denote by Cq C C + the locus of G- invariant positive Lagrangians. 
Let O C Cq be a Hamiltonian isotopy class of G-invariant Lagrangians and let 
O C C + be the Hamiltonian isotopy class containing O. By analogy with finite 
dimensional manifolds, it is natural to look for geodesics of O that are contained in 
O. Indeed, the fixed points of a Lie group acting by isometries on a finite dimensional 
Riemannian manifold constitute a totally geodesic submanifold. 

This paper shows existence and uniqueness of geodesics when X is an n-dimensional 
A m Milnor fiber and O is a Hamiltonian isotopy class of O n (R)-invariant Lagrangian 
spheres called matching cycles. The study of such Lagrangian spheres was pioneered 
by [10, 15] and [18, Section 6]. We recall the definitions. Fix a positive integer n 
and fix a complex polynomial / in one variable, of degree m + 1, with only simple 
zeros. The corresponding Milnor fiber is the algebraic variety 

M n = {( Zl ,..., z n , C) e C n+1 \zf +... + 4 = /(C)}- 

In particular, M n is an almost Calabi-Yau manifold of complex dimension n. See 
Section 3.1 for more detail. The group acts on M n via the z coordinates. A 

matching cycle 1 in M n is an 0„(R) invariant Lagrangian sphere on which O n (R) 
does not act freely (this is always the case if n > 2). Denote by § n the space 
of matching cycles, and denote by §" C §" the subspace consisting of positive 
Lagrangians. It is shown in Section 3.1 that §" and S” are infinite dimensional 
manifolds. Our main results are the following. 


1 The definition given here is equivalent to the definition found in the literature, which is 
recalled in Section 3.1. In Seidel’s terminology [14], these spheres would be called naive matching 
cycles. 
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Theorem 1.1. Let A 0 £ S", r £ T\ 0 S n . Then for some e > 0 there exists a 
geodesic A : [0, e] —> §" such that 

A(0) = A 0 , Aft) = t. 

dt t =o 

For a fixed e, the geodesic A is unique. 

Theorem 1.2. Let n > 2, let O C Sf be a Hamiltonian isotopy class, and let 
Ao, Ai £ O. Then there is a unique geodesic connecting Ao and Ai. 

Let ( X , w, J, f2) be an almost Calabi-Yau manifold and let T C X be a Lagrangian 
submanifold. Denote by voir the volume form induced on T by the Kahler metric 
associated tow. It was shown in [9] that 12|r = pvolr for p:T-iCa non-vanishing 
smooth function. Following [9], the Lagrangian T is called special if p has constant 
argument on T. Let O be a Hamiltonian isotopy class of positive Lagrangians in 
X. The main object of [16] is a functional C defined on the universal cover O — > O, 
which is strictly convex along geodesics and which has a critical point over F £ O if 
and only if T is special Lagrangian. Thus the following is an immediate consequence 
of Theorem 1.2. 

Corollary 1.3. Let n > 2. Then in every Hamiltonian isotopy class O C , there 
is at most one special Lagrangian. 

Corollary 1.3 was proved previously in the case n = 3 in [15]. It is also a special 
case of a much more general theorem of Thomas-Yau [18], which relies on Floer 
cohomology. 

A Riemannian metric is said to be strong if it induces an isomorphism between 
the tangent and cotangent bundles, and weak otherwise. As shown in [11], the 
distance function induced by a strong Riemannian metric makes the manifold a 
metric space. However, the Riemannian metric T is weak, and hence the nature 
of the distance function it induces is a priori unknown. In [8] and [12] there are 
examples of weak Riemannian structures with respect to which the distance between 
any two points is 0. On the other hand, [2] and [3] provide examples of weak 
Riemannian metrics which induce metric space structures. In this context, we 
prove the following. 
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Theorem 1.4. Let n > 2, and let 0 C §" be a Hamiltonian isotopy class. Then 
the Riemannian metric T induces a nondegenerate distance function T, making O 
into a metric space. Moreover, ( O , T) is isometric to a convex subset of C°°([ 0,1]) 
with the L 2 metric. 

The fact that ( O , T) is isometric to a convex subset of L 2 should be considered 
in the following context. The curvature formula of [17] shows that a general Hamil¬ 
tonian isotopy class of positive Lagrangians has non-positive curvature. However, 
( O , T) is atypical because of the 0„(R) symmetry, and the curvature formula shows 
it is in fact flat. So, it follows from a Jacobi field argument that the exponential 
map of (O, T) is a Riemannian isometry. In practice, we prove Theorem 1.4 more 
directly without using curvature. 

As implied by Theorem 1.4, the metric space (0,Y) is not complete. Thus, it 
would be of interest in future research to understand and characterize its comple¬ 
tion. The completions of other weak Riemannian manifolds are explored in [4], [5] 
and [6]. 

In Sections 2.1-2.2 we review properties of Lagrangian paths and the definition 
of Lagrangian geodesics. In Section 3.1 we give a more explicit treatment of S n 
and characterize the elements which are positive Lagrangians. Section 3.2 discusses 
Lagrangian paths in § n . In Section 3.3 we review some basic properties of real 
blowups of surfaces. In Section 3.4 we blowup M 1 to obtain a new surface M 1 , 
and construct a foliation on M 1 with isolated singular points, which is closely 
related to the Levi-Civita connection on S" . In Sections 4.1-4.2 we discuss pseudo- 
Hamiltonian flows and their relation to geodesics in S!?, and we prove Theorem 1.1. 
In Section 4.3 we discuss cylindrical foliations and prove Theorem 1.2. Theorem 1.4 
is proved in Section 4.4. 


2. Background 

2.1. Lagrangian paths. We start by summarizing the relevant definitions and 
arguments of [1, Section 2], regarding paths of Lagrangian submanifolds, with some 
adjustment to our purposes. 

Let (X, ui) be a symplectic manifold of dimension 2n, L a smooth manifold of 
dimension n, and Q the diffeomorphism group of L. Denote by X the space of 
Lagrangian embeddings of L in X. That is, X consists of embeddings / : L — > X 
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with f*ui = 0. Note that Q acts on X by 

(¥>)/) ^ / °T- 

The space of Lagrangian submanifolds which are diffeomorphic to L is then defined 
to be the quotient 

c = X/ g, 

where as implied by the name of this space, we think of every equivalence class in 
it as a Lagrangian submanifold. Given a path A : (—e, e) —> C, a lift of A is a map 


or equivalently 


T : (—e, e) xL->I, 

such that for every t, the image of ^f(t) is A (t). The path A is then said to be 
smooth if it has a smooth lift. 


Definition 2.1. Let A be a smooth path as above, and let $ be a smooth lift. The 
deformation vector field corresponding to ’L at time t is the smooth section of the 
pullback bundle 'I’^TX given by 

MP) = -7^-0,P)- 
The following lemma is proved in [1, Section 2]: 

Lemma 2.2. Let A : (—e, e) —X C he a smooth path, let be some lift, of A, and let 
Vo denote the deformation vector field of'St at time t = 0. Define a 1-form a on L 
by 

a p (u) = u](v 0 (p), d^ 0 ,p( u ))’ p € L,u€ T p L , 
and then define a 1-form a on A(0) by 

Then a is closed, and does not depend on the choice of the lift H/. Furthermore, the 
map A i —> a yields an isomorphism of T^ 0 )£ an< i the space of closed 1-forms on 

A(0). 
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The derivative of the path A at 0 is defined to be the closed 1-form er of 
Lemma 2.2, and the derivative at any other time is defined similarly. A is said 
to be exact if its derivative at t is an exact 1-form on A (t) for all t. As shown in 
[1, Section 2], A is exact if and only if there exists a Hamiltonian flow 

4>t ■ X —> X, t £ (—e, e), 

which satisfies 

MA(0))=A(t) 

for every t. 

2.2. Geodesics of Lagrangian submanifolds. The following section is based on 
[16, Section 5] and [17], and briefly recalls the Riemannian structure of a Hamil¬ 
tonian isotopy class in the space of positive Lagrangians in an almost Calabi-Yau 
manifold. 

Definition 2.3. An almost Calabi-Yau manifold is a quadruple (X, w, J, f2), where 
(X, w, J) is a Kahler manifold and Q is a non-vanishing holomorphic form on X of 
maximal rank. 


Definition 2.4. Let (X, w, J, fi) be almost Calabi-Yau, and let A C X be a La¬ 
grangian submanifold. We say A is positive if Refl|A is a volume form on A. 
Whenever integrating another volume form on a positive Lagrangian, we use the 
orientation determined by Re Q. 


Let (X, w, J, H) be almost Calabi-Yau. Let C + C £ denote the space of positive 
Lagrangian submanifolds of X which are diffeomorphic to a compact connected 
manifold L. Let O C £ + be a Hamiltonian isotopy class. Then every path in O is 
exact, and for every A GO we have 


T\0 = {dh\h e C°°(A)}. 


Since A is a compact connected positive Lagrangian, the right hand space can be 
identified with 


H A :={h€ C°°{ A) 


h Re fl = 0 
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This enables us to define a Riemannian metric T on O by 

T (h,k)= I hk Refi, h,k£'H\. 

J A 

It is shown in [17] that T has a Levi-Civita connection. The details are the 
following. Let A : [0,1] —> O be a smooth path, and let (ht), t £ [0,1], be a vector 
field along A. That is, ht £ for every t. Pick a smooth lift T, and let Vt 

denote the deformation vector field of 'L at time t. Set 

ht = h t o H> t . 


Write 

n t = 

and let w t be the unique vector field on L satisfying 

i Wt Re fit = — i Vt Re fi. 


Namely, for p £ L and «i,..., « n _i £ T p L we have 


Refl t (wt(p),ui,.. .,u n - 1 ) = -Rcfl(ut(p),dTt(ui),.. i)). 


The covariant derivative is then given by 

(i) = + 

It can be verified that the covariant derivative is independent of the lift and 
hence well defined. 

The term geodesic of positive Lagrangians is defined in the usual manner, with 
respect to the above connection. That is, a geodesic is a path A : / —> O satisfying 


^A(t) =0. 
dt dt 


We now recall the notion of horizontal lifts. As we shall see later, it can be useful 
for constructing geodesics. 


Definition 2.5. Let A : [0,1] —> O be a path, let f be a smooth lift, and let v t 
denote the deformation vector field corresponding to 'L at time t. We say Vt is 
horizontal if it satisfies 
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The lift is said to be horizontal if v t is horizontal for t £ [0,1]. As explained 
in [16], a given embedding d>o : L — > X whose image is A(0) extends uniquely to a 
horizontal lift of A. 

The geodesic equation becomes easier to handle using horizontal lifts. Indeed, 
let A : [0,1] O, and let be a horizontal lift. For t £ [0,1], let h t £ HA(t) such 
that 

4;AW = dh t- 

at 

Since *F is horizontal, the vector field Wt in (1) vanishes, and A is a geodesic if and 
only if 

^-h t o ^ t(p) = 0, pGL, 
at 

or equivalently, 

h t oty t = h 0 o 4> 0 , t G [0,1]. 


3. Lagrangian spheres in Milnor fibers 

3.1. The Milnor fiber. Let / be a complex polynomial in one variable whose 
zeros are all simple. For any positive integer n, the corresponding Milnor fiber of 
dimension n is given by 

M n = {(*,o e C" +1 \zl + ... + z 2 n = /(C)}. 


As a complex submanifold of a Kahler manifold, (M n ,u, J) is also Kahler, where co 
and J are the symplectic form and complex structure inherited from C" +1 . Define 


( 2 ) 


n = 


(_!)«+* 
2 Zi 


Ac ^ 


i 

m 


n 


A dz o- 

i=i 


Since all the zeros of / are simple, is a well defined nonvanishing holomorphic 
(n, 0) form on M n , and ( M n ,Q ) is almost Calabi-Yau. 

We now recall matching cycles over curves. Given a complex number C, set 


1 = {( 2 1 ;---> 2 ™,C) € M n I Zi G \//(C)R for i=l,...,n}. 

Note that if C is a zero of /, then c" -1 consists of the single point (0,..., 0, C), and 
for any other C, the locus 1 is diffeomorphic to the n — 1-sphere. Let c C C be 
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a connected regular curve with boundary dc = {p,p'}, such that f(p) = f(p') = 0 , 
and f(q) ^ 0 for every interior point q £ c. The matching cycle over c is given by 

A n II _n—1 

A c = LK • 

C6c 

The following lennna is proved in [10, Section 6 ]: 

Lemma 3.1. For any regular curve c C C with the above requirements, A" is a 
smooth Lagrangian submanifold of M n , diffeomorphic to the n sphere. 

Note that for any curve c as above, the matching cycle over c is O n (R) invariant. 
On the other hand, it can be seen that any O n (R)-invariant Lagrangian sphere in 
M n on which O n (R) does not act freely is a matching cycle over a curve. Thus S™ 
is an infinite dimensional manifold. 

Remark 3.2. The elements of S n are actually called naive matching cycles, according 
to Seidel’s terminology in [14]. 

Remark 3.3. Throughout this paper, we think of S 1 as the quotient R/27rZ. Con¬ 
sidering S 1 as a group, we let — : S 1 —> S 1 denote the inversion. For example, the 
equalities —(0) = 0, — n = 7 r, hold in S ' 1 with our notation. 

Definition 3.4. A symmetric circle is an embedding 7 : S ' 1 —> M 1 , u i-A ( z{u ), ({u)), 
which satisfies 

(a) 7 is Oi(R)-equivariant. That is, 

Vm C(-w)) = C(m)). 

(b) Vu^ 0 , 7 r z(u) ^ 0 . 

Note that a symmetric circle satisfies 2 ( 0 ) = z(tt) = 0, as implied by condition (a). 
Images of symmetric circles are just elements of S 1 . 

The following fact will be used below. 

Lemma 3.5. Let g : (—e, e) —> R be smooth and satisfy g{—x) = g{x) for all x. 
Then the composition h = g o : [0, e 2 ) —> R is infinitely differentiable from the 
right at 0 and satisfies h'(0 ) = g”{0 ) /2. 


Lemma 3.6. 
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(a) Let a : (—e, e) —> M, x H > (z(x), CM)> be a smooth embedding satisfying 

Z(0) = 0, z(x) 0 Vx 0, 

(z(~ x ), C(-x)) = (~z(x),C(x)) Vx, 

and let c = {^(ar) |a? £ (—e, e)} C C. Then the map g : [0, e 2 ) Ac, 14 

(i\/x), is a dijfeomorphism, and so c is a regular curve with boundary 

dc = (C(0)} - 

(b) Let 7 : S 1 -A M, u H>• (z(u), ((u)) be a symmetric circle. Then the set 
c = {C(u)|w £ S' 1 } C C is a regular curve with boundary dc = {£(0), CM}- 

Proof. We start with (a). At any (z, C) 6 M l with z ^ 0 the projection (z, 

is a local diffeomorphism, and hence we only need to show regularity of g at 0 . 

By assumption C is even, and thus g is infinitely differentiable from the right at 
0 , by Lemma 3.5. We need to verify that 7 /( 0 ) ^ 0 , or equivalently C”(0) 0- 

Differentiating (z(x )) 2 = /( ((x)) yields 

2 z(x)z'(x) = f'(C(x)X'(x), 

and differentiating again, 

2 (AX) 2 + 2 z(x)z"(x) = /"(C(x))(C'(x )) 2 + f'(((x))("(x). 

Since z(0) = CM) = 0, substituting x = 0 yields 

2M(0)) 2 = /'(C(0))C"(0). 

Since a is an embedding and CM) = 0, we conclude z'(0) ^ 0, and by the last 
equation 77 is indeed regular. 

For (b), once again, we only need to show regularity of c near C(0), CM- Identi¬ 
fying a neighborhood of 0 £ S 1 with a real interval (—e, e), regularity at C(0) follows 
from (a). Regularity at CM is shown similarly. □ 

Lemmas 3.1 and 3.6 (b) allow us to forget about curves in the complex plane, 
and consider the corresponding elements in S 1 instead. The letter 7 will be used 
henceforth to denote a symmetric circle, and the two coordinates of 7 will be 
denoted by z, C- By abuse of notation, we shall refer to the corresponding matching 
cycle in M n as A”, instead of A/. 
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Proposition 3.7. Let 7 be a symmetric circle. Set 

ip : S 1 x S n ~ 1 -A- A", (u,x) H> (z{u) ■ x,((u)) 

and 

X ■ S 1 x S ' 71-1 —> S n , (u, x) i-a (sin(u) • x , cos(u)). 

Then there is a unique map : S n —> A" which satisfies ft o x — V, an d it is a 
diffeomorphism. 


Proof. Existence and uniqueness of ft follow from the universal property of quotient, 
and so does bijectivity. Both ip and \ are local diffeomorphisms at any (u, x) with 
u ^ 0, 7 r. Hence ’3/ is smooth and regular anywhere away from the two poles. Let D n 
stand for the open n- dimensional unit ball, and parametrize the north n-hemisphere 
by 

Y : D n —>• S n , 

We show that di o Y is smooth and regular at y = 0. By assumption on 7, there is 
a smooth even nonvanishing function r : S 1 —> C such that 

Vu £ S 1 z(u) = r(u ) sin(u). 

Let U C S 1 be a small neighborhood of 0. If y € D n and (u, x) G U x 5'™ -1 satisfy 

Y (y) = X(u,x) 

then 


and it follows that 


u = ± arcsin \y\, 


$oY(y) = (r(arcsin |y|) • y, ^(arcsin |y|)). 

The function y 1 —> r(arcsin |y|) can be written as y i-A r o arcsinand it 
is smooth by Lemma 3.5, as r o arcsin is smooth and even. The function y 1 —>• 
^(arcsin |y|) is smooth by a similar argument. Hence foY is smooth. It is regular 
at y = 0 since r is nonvanishing. Smoothness and regularity of T at the other pole 
can be shown similarly. □ 
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Remark 3.8. All the tangent vectors mentioned in this article are to be understood 
as real tangent vectors. However, keeping in mind the canonical identification of the 
real and holomorphic tangent bundles of a complex manifold, it is often convenient 
to use the notation of holomorphic tangent vectors. Thus, given a holomorphic 
coordinate z = x + iy we write d z for d x and id z for d y . 

Remark 3.9. Given a symmetric circle 7 , the following is a convenient way to work 
with the tangent space to A" at any point. One can embed the circle A} in A” by 

i: A^-aAIJ, (z,C) i-> (z, 0 , ...,0,C)- 

Define n vector fields along i, X \,..., X n , as follows. For any u G S 1 set 
x i(l(u)) = di l{ u)( = z'(u)d Zl + C'(u)d c . 

For j = 2,..., n, set 

x j{lW)) = < z'( 0)d Zj u = 0 

[ -z'(TT)d Zj U = 7T. 

It is easy to verify that for j = 1 ,n, the vector field Xj is tangent to A” and 
smooth. Since Xi, ..., X n . are linearly independent, they form a smooth frame of 
the pullback bundle i*TA". Furthermore, as verified by a straightforward calcu¬ 
lation, for u ^ 0, 7 r, the tangent vectors Xj(j(u)), j = 2 ,...... ,n, form a basis of 

. Note that 0 -",“, is the O ra (K) orbit of 1 ( 7 («)), and the above con¬ 
struction can be used to obtain a basis of T p A” for any p € A”. 

The following is a basic observation which will be used later, in the proof of 
Theorem 1.2. 

Lemma 3.10. Let 7 be a symmetric circle, and let i : A* A" as in Remark 3.9. 
Let g : A™ —> R be invariant under the O n (K) action, such that g o i : A^ —> R is 
smooth. Then g is smooth. 

Proof. Let c = {£(u)|« € S' 1 } C C, and let P : A} — > c be the projection. Since goi 
is invariant under the Oi(R) action, there is some h : c—> M. such that goi = ft,oP. 
We claim that ft is smooth. Since P has a smooth local inverse anywhere away from 
the boundary of c, we only need to show smoothness of ft at the endpoints. Let 
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V C c be a small open neighborhood of £(0), and identify a small neighborhood of 
0 £ /S ' 1 with a real interval (—e, e). By Lemma 3.6 (a), the map u i-A ((\Ju ) defined 
on [0, e) is a diffeomorphism, and hence the function f(u) i—>• u 2 maps V smoothly 
into S 1 . By Lemma 3.5, g o i depends smoothly on u 2 , and h is thus smooth at 
C(0). A similar argument shows smoothness at C( 7r )- The projection A” — > c is also 
smooth. The lemma follows. □ 

As our main objective is Lagrangian geodesics, we need to characterize the circles 
7 whose corresponding Lagrangians A" lie in S™ , the space of positive Lagrangians 
in S n . 


Lemma 3.11. Let 7 be a symmetric circle. Then A” is a positive Lagrangian if 
and only if the two following conditions hold: 

(a) z'(u)(z(u)) n ~ 1 / f'((^(u)) = C,' (u)(z{u)) n ~ 2 /2 ^ iR for all u ^ 0,7r. 

(b) (z'(u)) n /f'{({u)) *R for u = 0, 7 r. 


Proof. Using the frame given in Remark 3.9, a direct calculation shows that for 
U ^ 0, 7T, 


n(Xi (7(11)),..., X n (7(11))) 


z'(u) 1 

f z{u) N 

f'(CM) ' 

vsin (u) y 

_ C» 

{ z(u) ' 

2 z(u) 

\sin(u) 

c(u)(z(u)r ~ 2 

2 sin 1 

’-'W 


and for u = 0 , 7 r, 


fi(X 1 ( 7 («)), • • ■, X„( 7 («))) = ■ 

f(Cm) 

It follows that conditions (a) and (b) are equivalent to Refl not vanishing on ^(A 1 ). 
Since any point in A” lies in the S'O n (R) orbit of some p £ ^(A 1 ) and LI is S'O n (R) 
invariant, the conditions are equivalent to ReU not vanishing anywhere on A™. □ 


3.2. Lagrangian paths and horizontal lifts. As any symmetric circle 7 has a 
corresponding Lagrangian n-sphere A", a smooth family of symmetric circles ( 7 1 ), 
with t varying along a real interval, gives rise to the Lagrangian path (A” t ). The 
following is an important property of such paths. 
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Proposition 3.12. For every A £ S n , 

TaS u C {dh\h : A —> R is O n (R) invariant}. 
In particular, every path in S n is exact. 


Remark 3.13. It will be shown in the proof of Theorem 1.1 that for A £ §+ we have 
the equality 

TaS” = {dh\h : A —> R is O ra (R) invariant}. 


Proof of Proposition 3.12. Let (y t : S' 1 —> M 1 ), t £ (—e, e), be a smooth family of 
symmetric circles with A™ 0 = A, and for convenience let 

_ d \n 

dt ^ 7t ' 

aL t= o 

Note that by definition of the derivative, the 1-form er is O n (R) invariant, as the 
symplectic form u> is, and so is A” t for every t. We claim that er is exact. For n > 2 
it is immediate since er is closed and A is simply connected. If n = 1, invariance 
under the nontrivial element in 0\ (R.) yields 


er = 0, 


and exactness follows. 

We show O n (R) invariance of the primitive. Let r be a volume form on A which 
satisfies 


VA£Q„(R) A*t = det(A) • r, 

and let h : A —> R satisfy dh = a. Since er is O n (R) invariant, for A £ O n (R) we 
have 


d(h o A hi) — d(A*h — h) = A*cr — a = 0. 

Since A is connected, it follows from the last equation that the two functions ho A 
and h differ by a constant. But 

f h o A A r = det(A) f A*(hRr)= f hAr, 

J A J A J A 

which yields ho A = h. □ 


Our next goal is to understand horizontal lifts of paths in § 


+ • 
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Remark 3.14. Let O n (R) act on S n by 



Let ( 7 1 ), t £ (—e, e), be a family of symmetric circles, and for every t let : S n —> 
A" be the diffeomorphism induced by 7 1 as in Proposition 3.7. Note that is 
O n (R) equivariant. The map : (— e, e) x S n —> M n is a lift of the Lagrangian 
path (A™ ). Let f t denote the deformation vector field corresponding to T at time 
t. Note that for t £ (—e, e) the pullback bundle 4 '*TM n is O n (R) equivariant, and 
ft is O n (M) invariant. 

Remark 3.15. When analyzing paths in S™, it is rather convenient to have a stan¬ 
dard embedding of M 1 in M n . The letter / will be used below for the embedding 

Note that I is an extension of the embedding i of Remark 3.9. 

Proposition 3.16. Let (j t ), t £ (—e, e), be as above, such that A” £ S” for all t, 
and let T : (—e, e) x S n —> M n be the lift of { A™J induced by (7 *) as in Remark 3.1 f. 
Then T is horizontal if and only if 

Dz jztju))^ 1 df ( z t (u )) n ~ 2 

Ot ' f'(Ct(u)) dt' 2 

for all u , t. 

Proof. We embed S 1 in S n by 

e : 5 * 1 S n , u i-A (sin(u), 0,..., 0, cos(u)). 

Let ft denote the deformation vector field corresponding to if at time t. It follows 
from Remark 3.14 and 50„(R) invariance of 12 that ft is horizontal if and only if it 
is horizontal on e(5' 1 ). For u 0 £ S 1 , the space of (re — l)-vectors tangent to A” at 
IhtM) is spanned by Xi( 7 t(Mo))A...AX j ( 7 t (wo))A...AX n ( 7 t (w)o), j = l,...,re, 
where the hat indicates an omitted argument. Hence, ft is horizontal at e(reo) if 
and only if we have 


(3) n(ft(e(u 0 )), X^tM), ..., Xji'yt^uo)) ,..., Xni'ytiuo))) G *, j = 1,..., 


n. 
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Since £t(e(ito)) and -Xi(7t0o)) are both tangent to the 1-dimensional complex sub¬ 
manifold I(M 1 ) C M n , these two vectors are collinear over C. As the form il is 
of type (n, 0), this means that the expression in (3) vanishes for j = 2,..., n, with 
no condition on the family (j t ). Thus, is horizontal if and only if (3) holds for 
j = 1. Substituting 


= ±- dz 2 A ... A dz n A dC, 

2z\ 


1 

m 


dz\ A ... A dz n 


and 

t(u 0 )) = 4^-d Zk , k = 2,... ,n, 
sm«o 

this is equivalent to the desired condition. 


□ 


3.3. Real blowup. For our next constructions we shall use real blowups, which 
are described shortly below. We discuss only blowups of manifolds of dimension 2, 
as this is the only relevant case for our purposes. 

Let D denote the open unit ball in R 2 . The real blowup of D is defined by 

D = {(p,0 G D x MPOpG /}, 


with the projection 

7r : D —> D, 0} 0 1 —^ P- 

The exceptional divisor , E = 7r -1 (0), is just a copy of the real projective line, 
whereas the restriction of n to the complement of E, 

7r l d\e • D\E —> D \ 0, 

is a diffeomorphism. 

We shall use polar coordinates to parametrize D in the following manner. For 
any 0 < S < 1 and a G S' 1 , define 

Xj >a : ( ~S , <5) x (a, a + 7r) -)> D, 


by 


(r, 9) i-A ((r cos 0, r sin 9 ), [cos 6 : sin 9]). 


Thus, X$ t a is a parametrization of 


Us,a ■= (0.0 G D\l ^ [cosa : sin a], |p| < (5}. 
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This is similar to the standard use of polar coordinates, but note that here we 
allow r to admit negative values. The composition of 7r with X.s,a is given by 
(r, 9) i-A (rcos0, rsinfl). The intersection of the exceptional divisor and Ug, a is 
given by 

E fl Us, a = {r = 0} = {(0, l)\l ^ [cosa : sina]}. 

Any Xs, a as above will be called below a polar parametrization, and Us, a will be 
called a polar open subset. Note that D can be covered by two open polar subsets. 

Any smooth vector field on D \ {0} can be pulled back to D \ E by (cbr) -1 . 
We express this pullback in coordinates. The tangent space to D at any point in 
a polar open subset is spanned by the vector fields d r ,dg, that are induced by a 
corresponding polar parametrization. Differentiating 7r yields 

chr(d r ) = cos 9d x + sin 9d v , 
dn(dg) = —rsm0d x + r cos9d y , 

and by inverting the corresponding matrix anywhere outside the exceptional divisor 
we get 

dn~ 1 (d x ) = cos9d r — dg, 
r 

pno (j 

(4) dTT~ 1 (d y ) = sin 9d r H- dg . 

Recall the strict transform of a curve. Given a smooth curve c in D , that passes 
through the origin, the strict transform of c is given by 

^ = ( 7r l d\e) 1 ( c ) = ( n \i)\E) ( c ) U {(0, Tqc)}. 

If c does not pass through the origin, the strict transform c is nothing more than 
the inverse image of c under 7r. We will use the following well known facts later: 

Lemma 3.17. 

(a) Let c be a smooth curve in D, and c the strict transform. Then c. is a 
smooth curve in D, which intersects the exceptional divisor transversally. 

(b) Let c be a smooth curve in D that intersects the exceptional divisor transver- 
sally, and set c = 7r(c). If the intersection c. fl E consists of at most one 
point, c is a smooth curve in D. 
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We end this section with blowups of general surfaces. Let M be a smooth 2- 
dimensional manifold and {pj} C M a discrete subset. The blowup manifold M of 
M at {p : j } is obtained by replacing a small disk around each pj by its real blowup. 
Gluing together all projections of the involved blown up disks with the identity 
map of M yields the blowup projection 

7r : M —> M. 

3.4. The horizontal foliation. Motivated by Proposition 3.16, we define a sub¬ 
bundle 

r C T(M 1 \{z = 0}) 
by 

(5) r(p) ={»£ TpM^dCiv) e ^ 2 " n lR}, 

and denote by F the foliation tangent to r. Recall that a family (j t ) induces a lift 
of the Lagrangian path (A” t ) as in Remark 3.14. By Proposition 3.16, the induced 
lift is horizontal if and only if for any fixed u € S 1 , u ^ 0 , 7 r, the path ( 7 t(u)) 
is contained in a leaf of F. This relates F closely to horizontal lifts of paths of 
Lagrangian spheres, and eventually to the construction of geodesics. The problem, 
though, is that all the symmetric circles 7 in discussion pass through points with 
z = 0, which are singularities of F. As it turns out, this problem is solved by using 
the real blowup. 

Let q± = (0, Ci), • • •, 5 fc = (0, Cfc), denote all points in M 1 with z = 0, and let M 1 
denote the manifold obtained by blowing M 1 up at qi ,..., < 3 %, with the projection 
7 T : M 1 M 1 . Let E\,... ,Ek C M 1 denote the respective exceptional divisors. 

For j = 1,..., k, set 

(6) Zj = j(0, 9) nQ - arg(/'(Ci)) e \ + 7rZ } c E jt 

using polar coordinates over qj compatible with the z coordinate (that is, z = re l6 ). 
Note that compatibility with z determines 9 up to 7 r, and Zj is thus well defined. 
Set 

k 

H ■= U z i- 

3 =1 
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Proposition 3.18. There exists a unique foliation F of AI 1 \H, such that ir carries 
the leaves of F to the leaves of F. The foliation F is tangent to all exceptional 
divisors E\,.. ,, E^. Furthermore, it satisfies the following properties: 

(a) Given a symmetric circle 7 , the Lagrangian A™ is positive if and only if the 
strict transform 7 does not pass through any point in Ft and intersects all 
leaves of F transversally. 

(b) Let ("ft) be a family of symmetric circles such that for every t the Lagrangian 
sphere A" t is positive. Then the lift, induced by ("ft) is horizontal if and only 
if for every fixed u € S 1 the curve t 1 —> "ft(u) is contained in a leaf of F, 
where "ft is the strict transform of "f t . 

Proof. Since 7r| ati\|J is a diffeomorphism, we define the leaves of F anywhere 
away from E \,..., E}. to be the strict transforms of the leaves of F. Uniqueness 
of F follows from M 1 \ U Ej being dense in M\ In order to show that F can be 
extended to M 1 \ Ft, we observe F close to q \,..., qk- 

For any e > 0, let D e denote the open ball of radius e in the complex plane, 
centered at 0. For j = 1 ,... ,k, let Vj be an open neighborhood of qj, in which 
C is a smooth function of z, and let ej be small enough so that D ej is contained 
in the image of Vj under the projection (z,£) 1 —» 2 . Thus for every j there is an 
embedding 

Vj ■ D ej c —> Vj C M 1 , z (z, C (z)), 

and without loss of generality we assume Vj = <pj(D ej ). For convenience, we would 
like to omit the Dq component when describing a vector field on Vj, so we denote 

d z := difij(d z ) =d z + 

Let U C 7 r —1 ( Vj) be a polar open subset with polar coordinates r, 9, compatible 
with the z coordinate. On Vj \{qj} the subbundle r may be expressed by 

r(p) = {v e T p MVz(u) e 

Hence inside 7 t(U) \ {qj} the leaves of F can be thought of as the trajectories of the 
nonvanishing vector field 


( 7 ) 


X(z) = if'(0^~ n r n d z = if(Ore i{1 - n)e d z . 
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Since /'(() does not vanish in Vj, the functions |/'(C)| and arg(/'(£)) are well 
defined and smooth in 2 ;. We write 

r := |/'(C)I • r, 

6 : = | + arg(/'( 0 ) + (1 - n)d. 

Let x, y, be the real coordinates on Vj corresponding to z. Moving from complex 
to real notation (see Remark 3.8), equation (7) can be rewritten as 

X{z) = re^d z = fcos6d x + rsinOdy. 

Pulling X back to U \ Ej, we obtain from (4) 

, , g Q , , QQg Q 

diT~ l (X) = r cos 0 cos 6d r — r cos 0- - do + r sin 0 sin 0d r + r sin 6 - de 

r r 

= r cos (0 — 0)d r + - sin(^ — 9)de 
r 

= l/'COI • ?’C0S + arg(/'(0) - n 6 ») d r 

+ l/'(C)l sin + arg(/'( 0 ) - n 6 >) dg. 

It follows that d r K~ l {X) can be extended smoothly to a vector field X which is 
defined on the whole of U. Note that along Ej the coefficient of d r in X vanishes. 
In other words, X is tangent to Ej. The set of points where X vanishes is exactly 
Zj, as defined in (6). We define the desired F along U \ Zj to be the foliation 
tangent to X. Note that up to sign, the vector field X does not depend on the 
choice of the polar open subset U. Hence F is well defined along M 1 \ H. It is 
tangent to every exceptional divisor Ej since the corresponding vector field X is. 

We show that F possesses the required properties, beginning with (a). Let 
7 , u i-A (z(u)X(u)), be such that the Lagrangian A” is positive. By condition (b) 
of Lemma 3.11, (- 2 , ( 0 )) n //'(C( 0 )) and (z'( tt))™/ f (((tt)) are not pure imaginary. 
Hence, by (6) we have 7 ( 0 ), 7 ( 77 ) ^ H , and 7 does not pass through any singular 
point of F. By condition (a) of Lemma 3.11, for any u ^ 0 , 7 r, the product ('(u) • 
z(u) n ~ 2 is not pure imaginary. Hence 7 '(u) ^ t( 7 (w)), and 7 is not tangent to any 
leaf of F. Since 7 is the strict transform of 7 , it intersects the exceptional divisors 
over 7 ( 0 ) and 7 ( 72 ) transversally by Lemma 3.17, and so it is transverse to all leaves 
of F. Conversely, assume that the strict transform 7 does not pass through any 
singular point of F and is not tangent to any of its leaves. Then the two conditions 
of Lemma 3.11 hold, and A” is positive. 
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We verify property (b). Let ( 74 ) be such that A” £ S” for all t. By construction, 
for a fixed u £ S 1 , the path t i-A 7 t (u) is contained in a leaf of F if and only if for 
every u ^ 0 , 7 r, the path t i-A 7 t (u) is contained in a leaf of F. By Proposition 3.16, 
the latter is equivalent to ( 7 *) inducing a horizontal lift. □ 

The following definition makes sense in view of Proposition 3.18. 

Definition 3.19. Let ( 7 1 ) be a family of symmetric circles, such that for every t 
the Lagrangian sphere A" t is positive. We say the family ( 74 ) is horizontal if for a 
fixed u £ S 1 , the path t i-A 74 (u) is contained in a leaf of F. 

Lemma 3.20. Let A : [0,1] —> §” be a smooth path, and let 70 be a symmetric 
circle with A" o = A(0). Then 70 can be extended to a smooth horizontal family of 
symmetric circles ( 74 ), t £ [0,1], such that for all t we have A” t = Aft). 

Proof. Let (/3 t ), t £ [0,1], be a smooth family of symmetric circles such that /3q = 70 
and A^ t = Aft) for t £ [0,1]. Denote by b t the image of inside M 1 . By 
Proposition 3.18, the circle b t is transverse to F for all t. ft follows that for every t 
there is a unique section £4 of the pullback bundle /3fTb t , such that for every u £ S 1 
the tangent vector 

v t {u) := ^(f,M) + 6 W € Tp t(u) M l 

is tangent to F. Note that is Oi(R) invariant. For (t,u) £ [0,1] x S 1 , set 

Vt{u) = d (Pt)j^ u) {£t(u)), 

and note that ( 774 ) is a smooth family of vector fields on S 1 , which is 0\ (R) invariant. 
Let ((fit : S 1 —> S 1 ) be the family of diffeomorphisms which satisfies 

ip 0 = id, V(t, u) £ [0,1] x S 1 fjfTtfu) = rj t {ip t (u)). 

For every t, the diffeomorphism <p t is Oi(R) ecjuivariant. Define a family of embed¬ 
dings (74 : S ' 1 -> M 1 ) by 

74 = fit o 'ft- 

Note that since (po = Id, the embedding 70 obtained by this definition indeed 
coincides with the strict transform of the given symmetric circle 70 . Taking time 
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derivative, we see that for a fixed u £ S 1 

d _ . . d/3, ... ~ / d 

jj.'VtW = -fofa'PtW) + dPt,<p t (u) kft(u) 

< 9/3 

= + dPt, vt (u)(vt(M u ))) 

= ^{t,<pti u )) + €t(M u )) 

= v t ((pt(u)), 

where by construction, the latter is tangent to F. Set r )t = '^°lt- Since fit is Oi(M) 
equivariant, every is a symmetric circle. By the above calculations, the family 
( 7 1 ) satisfies the desired properties. □ 

4. Geodesics 

4.1. Pseudo-Hamiltonian vector fields. The following will be useful for the 
proofs of Theorems 1.1 and 1.2. 

Definition 4.1. Let 7 be a symmetric circle with A" £ 8 ™. For u £ S' 1 , we let 
Z 7 (u) denote the leaf of F which contains 7 (it). An open subset U C M 1 is uniquely 
projected onto 7 if 

(a) The strict transform 7 is contained in U, 

(b) For q £ U there is a unique u £ S 1 such that q £ Z 7 (u), 

(c) The projection P : U —> A^ which maps every point in l^(u) to ”f(u) is a 
smooth submersion. 

Whenever discussing an open subset U which is uniquely projected onto 7 , we will 
denote the projection in (c) by P, and refer to it as the projection of U. 

Definition 4.2. Let U C M 1 be an open subset and / : U —> R smooth. A smooth 
vector field X on U is called the pseudo-Hamiltonian vector field corresponding to 
f if it satisfies 


i x n*u = df. 

The reason for pseudo is that tt*lo is not a symplectic form, as it vanishes on all 
exceptional divisors. Since the complement of the union of all exceptional divisors 
is dense in M 1 , the pseudo-Hamiltonian vector field corresponding to f is unique, 
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if it exists. Note that a general function does not necessarily have a corresponding 
pseudo-Hamiltonian vector field. 

Proposition 4.3. Let 7 be a symmetric circle with A” £ S” , and let h : A* —> R 
be smooth such that 

dh dh 

du M=0 du 

Let U C M 1 be open and uniquely projected onto 7. 

(a) The function hoP :U —>M. has a smooth corresponding pseudo-Hamiltonian 
vector field X, which is tangent to F. 

(b) For any uq ^ 0, ir, and q £ Z 7 (tto) (~l U, the vector field X of (a) vanishes at 
q if and only if dh/du vanishes at uq. For q £ Z 7 (0) D U (or i 7 ( n) HU), the 
vector field X vanishes at q if and only if d 2 h/du 2 vanishes at 0 (or n). 

Proof. We start with (a). Denote by Eo,E n , the exceptional divisors over 7 ( 0 ), 7(71), 
respectively. At any point in U \ (Eq U E n ), the form 7 r*w is nondegenerate. The 
function h o P\u\(e 0 ue„) thus has a corresponding Hamiltonian vector field X, and 
we need to show that X can be extended smoothly to the whole of U. 

Let V be an open polar neighborhood over 7 ( 0 ) with polar coordinates r, 9. Note 
that 

d(h o P) = dP*h = P*dh , 

and since dh vanishes at 7 ( 0 ) by assumption, d(hoP) vanishes on {r = 0} C VT\U. 
Hence there exists a smooth 1-form y defined on V DU such that 

(8) d(h o P) = r ■ x 



along V fl U. 

We study the behavior of 7 r*w close to E 0 . For that, we first express to close 
to 7 ( 0 ) in terms of x and y, the real coordinates such that z = x + iy. Using our 
notation from the proof of Proposition 3.18, 
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Set 

i;( * } 0~Lfw)' 

(recall that close to 7 ( 0 ) the coordinate ( is a smooth function of z) and obtain 

(9) u> = ip(z)dx A dy, 

where if) > 1 is smooth and bounded near 7 ( 0 ). Since the projection ir is given by 
(r, 6) i-A (r cos 0 ,rsin 0 ), we have 

ir*dx = cos 9dr — r sin Odd, ir*dy = sin ddr + r cos Odd, 

and 

n*dx Ady = r( cos 2 d + sin 2 d)dr Add = rdr A dd. 

Substituting in (9) yields 

(10) tt*u) = r ■ ip(z)dr A dd. 

Using ( 8 ) and (10), the equation 

ixTT*co = d(h, o P) 

can be written as 


ixr ■ i/j(z)dr A dd = r ■ 

which is equivalent, anywhere outside Eq , to 
(11) ixip(z)dr A dd = %. 

Since the form ip(z)dr A dd is nowhere degenerate, X can be extended smoothly 
uniquely to the whole of VdU. Uniqueness implies that the extension is independent 
of V and thus well defined on EoHU. Using the same argument for E n , we conclude 
the existence of the pseudo-Hamiltonian vector field. It is tangent to F as h o P is 
constant along each of its leaves. 

We show (b). It follows from (11) that X = 0 if and only if x = 0. For q £ ? 7 (uo) 
where uq ^ 0 , 7 r, the form \ vanishing at q is equivalent to d{h o P) vanishing at 
q, and hence to dh/du vanishing at uq (since P is a submersion). For q £ £ 7 (0) (or 
£ 7 (7r)), the vanishing of \ at q is equivalent to d 2 h/du 2 vanishing at 0 (or 7 r). □ 
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4.2. Pseudo-Hamiltonian flow and geodesics. The following proposition es¬ 
tablishes the relation between geodesics in §” and pseudo-Hamiltonian flow in M 1 . 
It will be the main argument in the proof of Theorem 1.1. 


Proposition 4.4. Let jo be a symmetric circle with A” o G §", let ho : A” o —>• R be 
smooth and invariant under the O n (R) action and recall the embedding 


* ’ ^7o “^ ^7o ’ ( 2 > C) l- t ( 2 ) 0 , . . . , 0 , £)• 


Let U C M 1 he open and uniquely projected onto 70 . 


(a) The function ho o i o P : U —> R. has a smooth corresponding pseudo- 
Hamiltonian vector field X along U, which is tangent to F and invariant 
under the Oi(R) action. 

(b) Let ( 7 1 : S 1 —» U) be a smooth family of embeddings which extends 70 and 
satisfies 

( 12 ) =X(j t (u)) 


for all t,u. Then for every t. the composition 7 t = n o j t is a symmetric 
circle with A™ t £ S” , and the Lagrangian path (A" t ) is a geodesic with 


d_ 

dt 


A" t = dho. 

t=0 


(c) Let (at) be a smooth horizontal family of symmetric circles, such that for 
every t. the image of the strict transform at is contained in U. Assume 
ao = 70, and that the Lagrangian path (AJJ ) is a geodesic with derivative 


d_ 

dt 


A 


n 

ott 


t =0 


dho- 


Then for every t we have at. = 'it- 


Proof. We begin with (a). Since ho is invariant under the O n (M) action, it follows 
that 


ho 0 i(7o(-«)) = h 0 o i(7o(u)) 


for u € S 1 . Hence, 


d_ 

du 


u—0 


h. Q oi= — 
du 


hn o i = 0 . 
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Proposition 4.3 (a) thus implies that ho o i o P has a smooth corresponding pseudo- 
Hamiltonian vector field which is tangent to F. It is invariant under the Oi(M) 
action as u> and ho o i o P are. 

We show (b). Since 70 is an embedding, 70 intersects the exceptional divisors 
(which will be referred to as Eq. ) transversally, by Lemma 3.17. Since X is 

tangent to Eo,E n , the embedding 7 t is transverse to the exceptional divisors for all 
t. Setting 7 1 := we thus obtain a smooth family of embeddings (j t ■ S 1 —> M 1 ). 
Since A* 0 and X are invariant under the 0\ (K.) action, is a symmetric circle for 
all t. By Lemma 3.1 and Lennna 3.6 (b), the family (y t ) induces a Lagrangian 
path (A” ). As 70 intersects all leaves of F transversally, and X is tangent to those 
leaves, every 7 1 intersects the leaves transversally, and (A" ) is a path of positive 
Lagrangians by Proposition 3.18. 

Let 4/ denote the lift of (A" ) induced by (y t ) as in Remark 3.14. Note that d' 
is horizontal by (12), as X is tangent to F. For every t let 

denote the diffeomorphism corresponding to 4/. That is, ipt. = 4/ t o 4> ( )' 1 . Define 
h t : A" t -A- K by 

h t = ho o ip^r 1 . 

Note that for every t the function h t is O n (R) invariant as ipt is O n (R) ecjuivariant. 
We show that the time derivative of A” is given by 

|y, = dk„ 

and by that complete the proof. Recall the embedding I of Remark 3.15. For some 
t and u ^ 0,7r, let Xi(j t (u)),... ,X n {^t(u)) £ Tj( 7t ( u ))A~ t as in Remark 3.9. Note 
that by construction we have 


= <p t (/(7o(u))). 


Hence, 


= h 0 o 7(70(11)) = h 0 o i(jo(u)) = h 0 o i o P(j t (u)). 
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Using this together with (12) and X corresponding to ho o i o P, we obtain 


d(h^)/(^ t (u))(^ 1 ) d{ho o i o P')^y t (u) 





Since I*u> = uj, we conclude 


(13) 


d[h t ) i (pf t (u)) (Xi) — u> 







For j = 2,..., n, we have 


(14) 


dh t (X j ) = 0 = j t Al(X j ), 


where the left hand equality follows from h t being invariant under the 0„(R) action, 
and the right hand one from Proposition 3.12. It follows from (13) and (14) that 
dX^ t /dt and dh t , agree on /(A* t ). By invariance under the S'0„(R) action, the 
forms agree on the whole of A” t . 

We prove (c). It is enough to show that the family ( a t ) satisfies 

T^r(t,w) = X(a t (u)) 

for all t,u. Let a t C M 1 stand for the image of a tl and set 


h t = h 0 oio P\- at : a t -» R. 

Let 4> denote the lift of the Lagrangian path (A£ t ), induced by (at) as in Re¬ 
mark 3.14, and set 


h t = fe 0 o$ 0 o$ t 1 : A£ t -)• R. 
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Since (A£ ) is a geodesic, and the lift d' is horizontal (by Proposition 3.18), for 
every u,t, we have 

“>■ " (p‘- ">■ £ (( '“ ) ) 

Ie (t - “0) 

=dh '( di (^ it - u> )) 

= df “ (£('■“)) 

= d(h 0 oioP) 

= ^X(a t (u)), . 

Since both vectors X(a t (u)) and da/dt(t,u) are tangent to F. whereas the vector 
da/du(t,u) is not, the above calculation verifies that 

da, . 

— (t,u) =X(a t {u)), 


as stated. 


□ 


Proof of Theorem 1.1. We show that for any smooth O n (R) invariant function ho : 
A 0 —> R there is a geodesic A : [0, e] —> §™ for some e > 0, such that 


A(0) = A 0 , 


d_ 

dt 


Aft) = dho. 

t=o 


The existence part of the theorem, as well as the promised equality of Remark 3.13, 
then follows from Proposition 3.12. 

Let ho : A 0 — > R be as stated above, let 70 be a symmetric circle with A" o = A 0 , 
and let g be any Riemannian metric on M 1 . For u £ S 1 , we use the notation l 7 (u) 
as above. For 6 > 0, denote by Z 7 (u, <5) the metric ball in Z 7 («) of radius S around 
7 o(w). Take 5 so small that the following hold: 

(a) The distance between the image of 70 and H , the set of singular points of 
F, is greater than S. 

(b) For u £ S 1 the ball Z 7 (u, <5) is diffeomorphic to an interval. 

(c) For u ^ u! £ S 1 the intervals Z 7 (u, 6), l^(u', 5), are disjoint. 
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Such a S exists as 70 is transverse to all leaves of F. For the same reason the set 

U = |J l -v( u > s ) 

uGS 1 

is an open subset of M 1 . Note that the projection P : U -A A * 0 that maps every 
point in l 7 (u,S) to 70 (u) is a smooth submersion, and so U is uniquely projected 
onto 7 o- By Proposition 4.4 (a) the function ho o i o P has a corresponding pseudo- 
Hamiltonian vector field X along U. Let x denote the flow of X. By compactness of 
A* o there is some e > 0 such that for all u £ S 1 and 0 < t < e we have x t (jo(u)) £ U. 
Thus we clehne the family (^ t '■ S l -A M 1 ), 0 < t < e, by 7 t(u) = a; t ( 7 o(u)), and 
let 7 1 := 7 ro 7 t for all t. By Proposition 4.4 (b), the desired geodesic is obtained by 
setting A(f) = A" t . 

We show uniqueness. Let A' : [0, e] -A §" be another geodesic which satisfies 
the same initial value condition. It is enough to verify that for some 0 < e' < e 
the eciuality A'|[ 0 , e '] = A|[o,e'] holds. Take a smooth family of circles (at) such that 
A” = A '(t) for t £ [0, e]. By Lemma 3.20, we may assume ao = 70 , and that 
the family (at) is horizontal. By compactness, there exists e' > 0 such that for 
t £ [0,e'], the image of at is contained in U. It follows from Proposition 4.4 (c) 
that a t = 7 1 for t £ [ 0 , e']. □ 

4.3. Cylindrical foliations. The following notion is helpful for solving the bound¬ 
ary value problem: 

Definition 4.5. Let 7 be a symmetric circle with A" £ §". We say that F is 
cylindrical over 7 if 

(a) l 7 (u) is diffeomorphic to R for all u £ S 1 , 

(b) l 7 (u) ^ ly(u') whenever u ^ u!. 

Proposition 4.6. Let OcS" be a Hamiltonian isotopy class, let Ao, Ai £ O, and 
let 70 be a symmetric circle with A" o = Ao- If F is cylindrical over 70 , then there 
is a unique geodesic connecting Ao and Ai. 

Proof. Set 

U ^o( M ). 

ueS 1 


( 15 ) 
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and note that by assumption U projects uniquely onto 70 . By Lemma 3.20, since 
A 0 , Ai, are Hamiltonian isotopic in S", there is a smooth horizontal family of 
symmetric circles (/3 t ), t £ [ 0 , 1 ], which satisfies 

(a) p 0 = 70 , 

(b) A^=Al 

Note that for all u £ S 1 we have Pi(u) £ l 7o (u), as (/3 t ) is horizontal. 

Define a function k : A * 0 —>• R by 

(16) 7 o(u) cos(it), 

and let P : U —> A)., q as above. Proposition 4.3 implies that koP has a corresponding 
nonvanishing pseudo-Hamiltonian vector field X along U. X is invariant under the 
Oi(R) action, since k is. 

Let x denote the flow of X , and define s : A * 0 —> R by 

(!7) ^( 7 o(«))(7o(w)) = 

Since X does not vanish and both 70 ,^ 1 , are transverse to the trajectories of X, 
it follows from the inverse function theorem that s is well defined and smooth. 
Furthermore, since X, 70 , and /3i are invariant under the Oi (M) action, so is s. 
Define another vector field on U by 

(18) Y = (soP)-X, 
denote by y the flow of Y, and note that by definition of s 

Vw e S' 1 yi(jo(u)) = x s ( 7o(u ))(jo(u)) = Pi{u). 

We show that there is a smooth Oi(K) invariant h : A^, o —► R such that Y is the 
pseudo-Hamiltonian vector field that corresponds to ho P. By direct calculation 

iyw = (so P)ixuj = (s o P)d(k o P) = P*(sdk). 

Since both s and k are even functions of u, the function s • dk/du is odd. Hence, 
there is h : A^, o —> R which is 0\ (R) invariant and satisfies 

(19) dh = sdk. 

Now 


iyoj = P*dh = d(P*h) = d(h o P), 
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as desired. 

Embed A * 0 in A" o = Ao by J, extend h to h : Ao — > K which is 0„(R) invariant, 
and note that by Lennna 3.10 h is smooth. Extend 70 to a smooth family ( 7 *, : S ' 1 —> 
M 1 ), t € [0,1], by d'y/dt = Y, and by Proposition 4.4 (b) the induced path (A"J 
is a geodesic. By construction, 71 = (i\. Hence, A^ = A^ = Ai, and existence of 
a geodesic is proved. 

Let A' : [0,a] —> S" be another geodesic with A'(0) = A 0 , A'(a) = Ai. 
Reparametrizing if necessary, we may assume a = 1. Let h' : Ao —> R satisfy 

A \t) = dh'. 

t =0 

By proposition 3.12, h! is O n (K) invariant, and by Proposition 4.4 (a), the function 
h' o i o P : U —has a corresponding pseudo-Hanriltonian vector field W. Let w 
denote the flow of W. Let (at) be a family of smooth circles with A™ = A '(t) for 
t 6 [0,1]. By Lennna 3.20, we may assume «o = 7 oi and that (at) is horizontal. It 
follows that for every u we have a\(u) = 71 (u). 

By Proposition 4.4 (c), for every u £ S 1 we have 

wi(a 0 (u)) = ai(u), 

which can be written as 

(20) wi(ao(u)) = Vi(a 0 (u)). 

Set h' = h' o I : A^, o — > R. Define a function r : A^ o —> R by 

dh' = r ■ dk, 

and note that 

«w7r*w = d(P*h') = P*(dh') = P*(r -dk)=roP- d(k o P) 

= r o P ■ ixTT*<jJ, 

which yields 

(21) W = r o P ■ X. 

Putting (18), (21) and (20) together, for every u we have 


d_ 

dt 


(22) 


%r(ao(u)) (Olo(u)) ^s(ao(u)) (c^o(^))* 
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For every u, the map 


tfiu : [0,1] -> U, t I-A- x t (a 0 {u)), 

is injective since F is cylindrical over ou and X is nonvanishing. Hence, it follows 
from (22) that r = s, which implies W = Y. The geodesic A' thus coincides with 
the above geodesic (A"J. □ 

Proposition 4.7. If n > 2, then F is cylindrical over any symmetric circle 7 
whose corresponding Lagrangian A™ is positive. 

Proof of Theorem 1.2. Follows immediately from Proposition 4.6 and Proposition 4.7. 

□ 

Proof of Proposition f.7. By Proposition 3.18, along an exceptional divisor E the 
foliation F is tangent to E, and has n singular points. Furthermore, for every 
symmetric circle 7 , the strict transform 7 intersects any exceptional divisor at 
most once. Thus it suffices to focus on leaves of F outside the exceptional divisors 
in M 1 , or in other words, study the induced foliation F of M 1 \ {z = 0}. The 
projection 


p : M 1 \ {z = 0} —» C \ {/ = 0}, (z, C)-K, 

is a smooth covering map. Since the foliation F is invariant under the nontrivial 
deck transformation, it induces a well defined foliation of C \ {/ = 0}, denoted by 
F. 

For a symmetric circle 7 , denote by 7 its image in C under (z, () >—> (■ Note that 
if 7 is transverse to F, then 7 is transverse to F_. If F has a closed leaf, then so 
does F_. If a leaf of F intersects the strict transform 7 at two different points, then 
one of the following holds: 

(a) The foliation F_ has a closed leaf. 

(b) There is a leaf of F_ which intersects 7 at two different points. 

Hence, it is enough to show that the foliation F_ has no closed leaves, and that for 
every symmetric circle 7 with A” positive, no leaf of F intersects 7 at two different 
points. 
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Consider first the case n = 2. As follows directly from the construction, the 
leaves of F_ in this case are straight lines, parallel to the imaginary axis, and the 
proposition holds. 

Now let n > 3. The following arguments are similar to those used by Shapere- 
Vafa in [15]. Assume that F_ has a closed leaf, parametrized by ( : [0,1] —> C. 
By the theorem of the turning tangents, and reversing orientation if necessary, we 
assume ( has turning number +1. Let z : [0,1] — > C be continuous and satisfy 
z 2 = /(C), and denote by w the winding number of z n ~ 2 (which is a well defined 
half integer). Since 

(23) z = constant • C — Cj > 

3 

where the Qs are the roots of /, and C is parametrized counterclockwise, w is 
nonnegative. On the other hand, as follows from the construction of the foliation, 
the argument of ( z(x)) n ~ 2 ■ C( x ) is constant along [0,1]. Since the winding number 
of C is equal to +1, it follows that w = — 1, which leads to a contradiction, and so 
F_ has no closed leaves. 

Let 7 be a symmetric circle with A" positive, and assume there are two distinct 
points p,p', on 7 which share the same leaf of F, denoted by l. We may assume that 
l does not intersect 7 at any point between p and p'. so 7 and l form a simple loop 
which is smooth anywhere except p and p'. Parametrize this loop by a : [0,1] —> C, 
that goes from p to p' along 7 and back to p along l. Switching the two points if 
needed, we also assume that a has turning number +1. 

We claim that there is a zero of f inside a. Otherwise, its image is contained 
in a simply connected domain D , in which / has a holomorphic square root, z. It 
follows from holomorphicity and simply connectedness that 

f z n ~ 2 d( = 0. 

J ot 

But along l the product ( z(x)) n ~ 2 ■ a'(x) is pure imaginary, whereas along 7 it has 
a nonvanishing real part. The last equation is thus impossible, and indeed, there is 
at least one zero of / inside a. 

Once again, let z : [0,1] —> C be continuous and satisfy z 2 = f(a). Let and Si 
denote the changes in the argument of z n ~ 2 along 7 and l respectively. Similarly, 
let A 7 and A 1 denote the changes in the argument of a' along 7 and l respectively. 
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The total change in the argument of a ', including the exterior angles at the two 
singular points, is +27r by the theorem of turning tangents. Since each singular 
point contributes less than 7 r, we have 

(24) A 7 + A ; > 0. 

Since the argument of ( z(x )) n ~ 2 • a!(x) is constant along l, we have 

(25) S t = -A ; . 

Since A” is positive, along 7 we have 

< aT S({ z i x )) n ~ 2 ■ ot\x)) < 

Hence, 

(26) Sry < — A 7 + 7T. 

Putting (24),(25) and (26) together yields 

6^ -h Si <C 7 r, 

which means that the winding number of z is < 1/2. But since there is a zero 
of / inside a , (23) implies that 2 has a winding number > 1/2, which leads to a 
contradiction. □ 


4.4. The metric on a Hamiltonian isotopy class. Let n > 2, and let OcS" 
be a Hamiltonian isotopy class. For A GO, think of the tangent space TaS" as the 
set 


Ha = <h £ C°°( A) 


h is O n 


invariant, / /iRefi = 0 


and recall the Riemannian metric 


T (h,k)= [ hk Refi. 

J A 

Note that (Ha, T) is isometric to a linear subspace of C ,oo ([0,1]) with the L 2 metric. 


Lemma 4.8. Horizontal lifts give rise to a family of diffeomorphisms 

(^Ao.Ai : Ao -4- Ai)A 0 ,AieO) 

which are all O n (M) equivariant and ReO preserving. This family is natural in the 
sense that for Aq, Ai, A 2 € O we have 


¥>A 0 ,A 2 = <PA!,A 2 O (fiAoM- 
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Proof. Let A 0 ,Ai G O, and let ( 7 *,), t G [0,1], be a smooth horizontal family of 
symmetric circles with A" o = Ao, A^ = Ai. Let denote the lift of the Lagrangian 
path (A” ) induced by (yt) as in Remark 3.14, and set 

The diffeomorphisnr (/?a 0 ,Ai is O n (M) equivariant as T 0 and Ti are. It is Refi 
preserving since ik is a horizontal lift, by Proposition 3.18. 

We show that ^Ao,Ai is independent of the horizontal family (y t ). For that, 
think of M 1 as a submanifold of M n via the embedding I of Remark 3.15. By 
Proposition 4.7, the foliation F is cylindrical. The restricted map ^a 0 ,Ai UonM 1 
carries a point p = (z, £), z ^ 0, to the unique point in Ai fl M l which shares a leaf 
of the foliation F with p. Hence, p Ao , Al Uoniw 1 is independent of (yt). By O ra (M) 
equivariance, so is <^a 0 ,Ai- The same argument verifies that the family ((/jad.aJ is 
natural. □ 

Remark 4.9. The family (v?a 0 j Ai) of Lemma 4.8 induces a family (<p Ao Ai : H Al —> 
Kao) by 

^Aq.AxW = ho <PA 0 ,An hen Al . 

For any Ao, Ai, the map p\ o Ai is a well defined isometry, since ^a 0 ,Ai is 0„(M) 
equivariant and ReH preserving. Hence, all tangent spaces {"Ha|A G O} are natu¬ 
rally isometric to one another. 

By Theorem 1.1, every function in Ha is the derivative of a unique geodesic 
starting at A. Let A\ C Ha consist of all functions whose corresponding geodesics 
are of length > 1 , and define the exponential map 

exp A : A a -A O 

in the usual manner. By Theorem 1.2, exp A is a bijection. 

Lemma 4.10. Let A 0 , Ai, A 2 G O. Let hop, hop G A\ 0 , hip G A Al , satisfy 
ex PA 0 (^o,i) = Ai, exp Ao (h 0 , 2 ) = A 2 , exp Ai (hip) = A 2 . 

Then we have 

hop = hop + PaqM (hi, 2 )- 
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Proof. Let 70 , 71 , be symmetric circles such that A" = A,, and l 7o (u) = Z 7l (u) for 
u G S 1 . Let ^ 0,1 : -A- A^ be given by 

V’o.i = 7 i 0 To" 1 - 

The functions ho,i, ^ 0 , 2 , h\ t 2 , can be obtained as in the proof of Proposition 4.6. 
We follow the steps in the proof, and show that the desired equality holds. 

The open subset U C M 1 , defined in (15), is the same for 70 , 71 . Define two 
functions 

k 0 '■ A* o —> R, k\ : A 7l —> K, 
as in (16). Since l-y 0 {u) = Z 7l (u) for every u, we have 


k 0 = ki oi /) 0>1 = 

Define functions 

so.i, So,2 : A* o —> K, Si,2 : A* t —> K, 

as in (17), such that the function Sij corresponds to a geodesic connecting A, with 
A j . The main observation of the present proof is that by construction we have 


so ,2 = Sq, 1 + ^0,lSl,2- 


Define the functions 


ho,i, ho ,2 '■ A; —> K, h \ t 2 '■ A 7l -a- R, 

as in (19). We have 

dh 0 ,2 = s 0 ,2*0 

= s 0 , idk 0 + ^o^si^dh) 

= dfto,l + l/>o,ld/il,2 
= d(h 0 ,l + 1po,l h l,2)- 

The functions hij are just 0„(R) invariant extensions of hij to Aj. It follows that 
the desired equality holds up to some constant. Since all functions have mean value 
0 with respect to Re 0, this constant vanishes. □ 

Proof of Theorem l.f. Let A 0 £ O. We claim that for any Ai £ O, the geodesic 
connecting Ao and Ai is length minimizing. This can be shown using the proof for 
the finite dimensional case given in [7, Section 3.3]. In fact, it uses the following: 
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(a) The connection is metric and symmetric. 

(b) The exponential map exp Ao : Aa 0 —> O is bijective. 

(c) A family of functions (ht) C Aa 0 is smooth if and only if the Lagrangian 
path (exp* (/it)) is smooth. 

Condition (a) holds in our case, by [17, Theorem 4.1]. The existence part of The¬ 
orem 1.2 implies that the exponential map is onto, and the uniqueness part of the 
same theorem implies it is one to one. Hence, condition (b) holds. Condition (c) 
also holds, as can be verified by following the proofs of Theorem 1.1 and Propo¬ 
sition 4.6. Hence, geodesics in O are indeed length minimizing, and (0,Y) is a 
metric space. By Lemma 4.10, the exponential map is an isometry. The theorem 
follows. □ 
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